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;roduction

’he purpose of the investigations presented in this report was to
about the properties of relaxation methods when applied to a non-
;ic boundary value problem. Such a problem is the Tricomi problem

is partly elliptic, parabolic and hyperbolic. We took the Tricomi

:m with a rectangular boundary curve in the elliptic region as a
problem.

Jur starting point was the iterative method given by Fillippov [3].
lethod is, in fact, Gauss-Seidel's method applied to a vector

.on which represents a very special discrete analogue of the

;ical problem. We took the same discretization, but applied the

ssive overrelaxation method of Young [14]. However, the matrix A
.ated to the vector equation of Fillippov does not have "property

;o that Young's theory could not be applied. Therefore, we first
lered Tricomi's equation in that region where it is elliptic, i.e.
1sidered a Dirichlet problem. The matrix A restricted to the elliptic
1 does have "property (A)" and by applying the theory of Young we

a formula for the optimal relaxation factor as a function of the
listance h. We also applied the technique of Garabedian for es-

.ng relaxation factors; this resulted in a formula not only depending
yut also on the coordinates of the grid points. Our experiments

l, however, that both formulae give a comparable rate of convergence.
le then returned to the complete Tricomi problem. We did experiments
.ch the relaxation factor used in the elliptic region was different
‘he one used in the hyperbolic region. The pair of values which

‘ed to yield the largest rate of convergence turned out to be largely
‘ent. The elliptic one is close to the optimal value holding for
richlet problem and tends to 2 as h > 0, while the hyperbolic one
below 1 as h >~ 0. Thus, we have overrelaxation in the elliptic region
\derrelaxation in hyperbolic region.

'inally, we did experiments with a fixed relaxation factor for both
liptic and hyperbolic region. When this factor equals 1, the method
's to Gauss-Seidel's method and is identical to Fillippov's original
.. We found a considerable lower rate of convergence (depending on h).
reasing the relaxation factor, somewhere between the optimal values
le elliptic region and hyperbolic region, we got a more rapid conver-

but still below the rate of convergence of the "over-underrelaxation"




2, The, Tricomi problem

The Tricomi problem is a boundary value problem for the equation

2.1) VU * U =T

There the domain R, in which the equation is to be solved, consists of
wn elliptic region R in the upper or elliptic halfplane and a hyper-
olic region R~ in the lower or hyperbolic halfplane. R~ is bounded by

wo characteristics of the equation (see figure 2.1).

fig. 2.1. The Tricomi boundary value problem.

Equation (2.1) is said to be of mixed type, as it is elliptic for
> 0, parabolic for y = O and hyperbolic for y < 0.

It can be proved that (2.1) has a unique solution when boundary
alues are prescribed at the complete elliptic part BY of the boundary
nd at one of the characteristics, say B;, in the hyperbolic plane (see
or instance reference [6]).

In this paper, we shall consider, as a model problem, the case




the elliptic region R" is bounded by three sides of a square of

o are then given

1 (see figure 2.2). The characteristics B; and B
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fig. 2.2, The model problem.

merical methods

In reference E6], where analytical aspects of the Tricomi proble

onsidered, it was pointed out that solutions of equation (2.1) can
be obtained in an approximate manner. There are two important
rical) approaches to construct solutions; expansion in a series of
cular solutions and difference methods.
The first method of solution can be found in Bergman [1], Guderly

oshihara [5], and in Ovsiannikov D1]. In some cases this leads




to an effective solution of the Tricomi problem.

Difference methods, however, have turned out to be more successful.
fe mention the numerical calculations of Vincenti and Wagoner [ﬁg] and
the theoretical justification of their scheme by Mussman. Further
the work of Levy [9], who gave the first rigorous treatment by dif-
ference methods of the Tricomi problem. In the papers just mentioned,
she boundary condition at the characteristic B; was transformed in a
>oundary condition at the parabolic line y = O. Then the problem is
an elliptic boundary value problem with a complicated boundary condition
1t the parabolic part of the boundary.

An approach which does not use the transformation of the hyper-
>olic boundary condition was given by Chu [2]. However, his method
»nly applies to rectangular domains R. Therefore, a complicated trans-
’ormation is necessary to map R on a rectangle.

"finally, a method which applies to any region which is, in the hyper-
»olic region, bounded by two characteristics, was given by Fillippov E3].
't is this method which will be considered in some detail in the fol-
.owing section. In the subsequent sections, procedures will be investi-

sated in order to accelerate the convergence of Fillippov's method.

t. The difference analogue of Fillippov

Fillippov used the following grid in the (x,y)=plane (see figure
t.1): the mesh points in the hyperbolic plane are defined as the inter-
sections of the characteristics originating from equally spaced points
\t the parabolic line;

;he elliptic mesh points are obtained by reflecting the hyperbolic points
rith respect to the parabolic line and by completing these elliptic
)oints to obtain a rectangular grid in the elliptic plane.

This grid is the starting point of the discretization method of
1llippov. The next step is to replace the derivatives awz/axz and
lwz/ayz by difference quotients defined at the mesh points. For the sake
f simplicity we shall assume that the boundary B runs through the

lesh points just defined.
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The elliptic difference formula.

Fillippov used a five-point formula which expresses the value of
b(x,y) in an elliptic point (see figure 4.1) in the values of Y(x,y)
at the four neighbouring points x, and vice versa.

Let us define the grid parameters (see figure L4.1)

h = X -x .

(L. 1)

'_l
[}

m ym - ym—1

lhen, it is easily verified that as h ~ 0 the formule

Iy (art,m) + p(amt,m) + —2— (e p(am1) + T p(amet)
h? lm+lm+1 lm+1 lm ’
h,2)
Na
- 2(8+ ——) y(n,m) = £(n,m) ,
h2 lmlm+'|

b(n,m) and f(n,m) being the values of the functions ¥ and f at the mesh
»oint (n,m), is a consistent approximation to equation (2.1) at an in-

sernal elliptic point.

fhe parabolic difference formula.

At a parabolic mesh point we simply have the relation (see figure

1a1)

4.3) —— (9(n,3) - 20(n,0) + ¥(n,-3)) = £(n,0) ,
J

y.

there j = 1 when n is odd and J = 2 when n is even.

The hyperbolic difference formula.

In the hyperbolic region Fillippov used four mesh points to approximate

;he differential equation (see figure 4.2).
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fig. 4.2. Related mesh points in the hyperbolic region.

1 be proved that as h > 0 the formula

1 2

- — (Y(n*1,m) * ¥(a-1,m) )+ = (== P(n,m+1) + —— p(n
lmlm#1 lm+lm,+1 lm lm+1
= f(n,m)

timates the differential equation at the hyperbolic point (n,m).
Formula is not so easily verified as formulae (L4.2) and (4.3).
Fore, some explanation will be given. Let us expand the left hand
>f (4.4) in a Taylor series with respect to the hyperbolic point
. We then get

-h°
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a1 wxx(n,m) + wyy(n,m) = f(n,m) + s(h) ,

s(h) tends to zero as h - 0.
jer to prove that (4.5) converges to (2.1) as h > 0, we have to

shat




4.6) lim (8% - 1 1 ) = 0.

10 m m+1ym
or that purpose we express h in terms of Yo and m.
rom (2.2) we derive that the two characteristics passing through the
oint (xn,—ym) are given by
3/2

2
*n i'3 i :

X i.% (—y)3/2 =

he values of the coordinates of the points where these characteristics

ntersect the parabolic line differ by 2mh. Hence

_ L 3/2
h.7) 2mh = 2y "7 ..

rom (4.7) and the mean value theorem we find for small values of h

2 (y3/2 _ 3/2y

h =3 m+tl ~ Im

1/2
3 Y

m

2 3
3 lm+1 2 *

his proves relation (4.6).

We now define a vector u whose components have, in some order, the
alues which the function ¥(x,y) assumes at the net points (including

he boundary points). Furthermore, we define a vector f composed of the

1 H]
nd the values of f(x,y) at the remaining mesh points. The components

alues of ¥(x,y) at the boundary points of the boundary part B" + B

f f are arranged in the same order as the components of u.
ith these definitions the discrete analogue of the Tricomi boundary

alue problem can be written as a vector equation

4.8) Au = f .

t the internal net points the matrix A is defined by the difference
ormulae (4.2) - (L.4). At the boundary points where u is prescribed,

is the identity operator.




terative solution by the SOR method

In this section we give the results obtained by applying the SOR
uccessive overrelation method (Frankel [ 4 1, Young [1417) to
tion (4.8). The definition of this method is most easily given by

ing the matrix A in the form
) A=C-E-F,

e C is a diagonal matrix, whose entries are the diagonal elements

., and E and F are respectively strictly lower and upper triangular
ices, whose entries are the negétives of the entries of ‘A respectively
w and above the main diagonal of A. We now define the SOR method

he recurrence relation

~

W, = (1—Q)uk + QC_1(Euk+1+Fuk+f) R

‘e u. is an arbitrary initial approximation and © is the relaxation

or 8ith values between O and 2.

When £ = 1 the SOR method reduces to Gauss-Seidel's method. Fillippov
ed the convergence of this method when applied to the Tricomi boundary
e problem. However, the rate of convergence is small and we have
d to accelerate the convergence by choosing more appropriate values
Q.

If the matrix A should possess what Young [14] called "property(A)"
can give relations for the optimal value cf Q. However, the
ix A as defined in the preceding section does not possess property(A),
spective of the order of the components u. The difficulties
e in the hyperbolic region where the coupling of the components of

strong. Moreover, it may be remarked that in cases where A does

- this property, the optimal value of Q@ is related to the spectral

us of the matrix

) B=1I-¢C'a.

e, the problem is replaced by a not so simple eigenvalue problem.

hermore, the complete different character of the matrix operator A
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in the elliptic and hyperbolic region, respectively, suggests to use
different values of Q in R' and R™, say 2" ana Q7. The optimal values
of o+ have been obtained experimentally. First, we considered the probl.
in which the hyperbolic difference formulae are omitted and boundary
values are prescribed at the parabolic line. Then, the optimal ot found
for this Dirichlet problem were used in determining Q  for the hyper-
bolic region. At the parabolic line we used formula (k4.3).

For the boundary values we took the values which the analytical solutior

(5.4) o(x.y) = ¥ - 3x°

assumes at B+ and B;.

The initial vector u, vas set equal to 0.

The Dirichlet problem

We applied the SOR method to a square of side 1 (see figure 5.1),

y
A
1

9 10 11 12 -

5 6 7 8

12 3 4

> X
1

-" --' + -

fig. 5.1 Dirichlet problem for y¢xx ¢yy 0

where the boundary values are zero at the parabolic line and according
to (5.4) at the remaining sides.
The order of the components of u were arranged as indicated in figure

5.1.
In the elliptic region the matrix A is given for h = 1/6 in fig. 5.2.
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ot k 10 20 30 Lo 50 60
0 0 0 0 0 0 0
0.1 | 0.063] 0.056 | 0.051 | 0.048 | 0.045| 0.0k43
0.2 | 0.12 0.099 | 0.088 | 0.080 | 0.074 | 0.069
0.3 ] 0.17 0.1k 0.12 0.11 0.10 0.094
0.4 | 0.21 0.17 0.15 0.13 0.13 0.12
0.5 | 0.26 0.20 0.18 0.17 0.16 0.15
0.6 | 0.30 0.24 0.21 0.20 0.20 0.19
0.7 | 0.3k 0.28 0.26 0.25 0.24 0.2k
0.8 | 0.39 0.33 0.31 0.30 0.29 0.29
0.9 | 0.4k 0.39 0.37 0.36 0.36 0.36
1.0 | 0.50 0.47 0.45 0.45 0.45 0.kh
1.1 ] 0.59 0.58 0.58 0.57 0.56 0.h47
1.2 | 0.75 0.78 0.79 0.68 0.5k 0.45
1.3 | 1.00 1.10 0.93 0.70 0.56 0.46
1.4 | 0.78 0.83 0.85 0.68 0.57 0.b47
1.5 | 0.61 0.63° | 0.65 0.65 0.55 0.46
1.6 | 0.45 0.47 0.47 0.h7 0.49 0.46
1.7 ] 0.32 0.33 0.33 0.33 0.34 0.34
1.8 | 0.20 | 0.20 | 0.21 | 0.20 | 0.21 | o0.21
1.9 | 0.093| 0.092 | 0.09% | 0.091| 0.096| 0.099
2.0 |-0.006| -0.008 [-0.007 | -0.010| -0.008 | -0.006

Table 5.1. Rates of convergence for the Dirichlet problem

with 1/6.

rther, as an estimate of the rate of convergence after k iterations

used the value of

| [aw -] |

k) = - n [E L

.5) R (k) = -1 1n a7 |

:re || || denotes the Euclidean norm in the space of iterates w

>

:e [ 7], p. 7). In table 5.1, 5.2 and 5.3 the values of R (k) are

+
ren for some values of h and Q .
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1 these tables we may draw three important conclusions:

. . + . .
'he i1nterval Ik of optimal ? values increases with the number of

.terations k. The intervalsIk are indicated in the tables.

. + .
'he rates of convergence corresponding to €I are slowly varying

k
:ompared with the rates of convergence obtained for non-optimal

+
ralues of Q .

fter a number of iterations, when the iteration process becomes

tationary, the interval I contains a preceding interval Ikz, i.e.
1

£ k2 < k1 then Ik1 > Ikz'

| these conclusions it follows that one should use those values of

hich are in the interval I, obtained as soon as the process becomes

k
ionary. Thus, we may use

~

QT (1/7) = 1.3, ot(i/12) = 1.55, wt(1/18) = 1.7.

There remains the problem how we can predict from these results
optimal Q" values for other values of h. In the case of the Dirichlet

lem for Laplace's equation, the theory of Young yields the relation

~

¢ ~2 - ah, as h »~ 0,

e a is a constant only depending on the region R and not on h. Hence,
a is experimentally determined for one (sufficiently small) value
one can predict by (5.7) the optimal value of @ for other values
. It may be interesting to give the following heuristic application

he theory of Young to our Dirichlet problem. As is already remarked,

optimal value of Q for matrices A having property (A) is related to

spectral radius o(B) of the matrix B. We have, infact,

2
Q=1+ o(B) }
[1 + (1-0°2(8))"/2

the matrix A corresponding to our Dirichlet problem does have

~




erty (A). Hence, there only re
s well-known that by applying

, p. 16), one can obtain an up
btain the non-interesting resu
pperbound for o(B) less than 1

is a diagonal matrix with diag

- l (.y:‘l + __1_.)-1
2 h2 lmlm+1

h - 0 we have (compare section

lm ~ h/Vym .

e the diagonal entries of ¢!

(5.3) it then follows that B

B~T+o0(h)A,

as h >0
efore, it is expected that

o(B) =1 -ah ,

~

as h >0,

e a is a positive constant.

On the other hand we derive f

oblem
s theo

o(B).
or @ <

as fo

e rela
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rder to estimate a by means of (5.8') and (5.9) we have done
. . . . + . 3
sriments with a finer grid of © values. The results are given in
le 5.1' and 5.3'. With the aid of (5.8') we deduce from these more

1iled results that

.79 < o(B) < .89 as h =-% ,

975 < o(B) < .980 ash =%,

re, by applying (5.9) we find for h = 1/6 and h = 1/18 respectivel;

1) L7 <a<7.5, 6.5<a<8.1.
In our subsequent calculations we assume that a ~ 7.29 so that

) is given by the relation
2
12) o(B) =1 - T7.29 h° .

in application we calculate Q+(1/12) and Q+(1/2h) by means of (5.8
(5.12) we find the values

R (1/12) = 1.52 , e*(i/eu) = 1.72 .

les 5.2 and 5.4 show that these predicted values are in agreement
1 numerical experiments.

This section is concluded with a survey of the rates of converge:
1d for the original Fillippov scheme, i.e. ot = 1, and the S.0.R.
104 with an optimal relaxation factor (see table 5.5). This table

irly shows the superiority of the S.0.R. method.
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'able 5.5. Rates of convergence for Q+ = 1 and Q+ = Q:pt;
h k Fillippov S.0.R. gainfactor
/6 30 L5 .93 2.07

60 R 46 1.05
/12 30 7 43 2.53

60 .1k Lk 3.1k

90 .13 .29 2.23

120 .13 .22 1.69
/18 30 L1b .31 2.21

60 .09 .35 3.89

90 .08 .29 3.62

120 .07 .21 3.0
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6. Successive overrelaxation with a y-dependent relaxation factor.

In the preceding section a fixed value of 9 was used in the
elliptic region. We now show that applying Garabedian's technique
leads us to relaxation factors which depend on the value of ym of the
grid point in which the iteration process is applied.

First, we introduce the vectors

(6.1) Ve S o-u o, k=0,1,2,0..

where u is the solution of Au = f. These error vectors satisfy the

homogeneous scheme (compare (5.2))

1E) v = (1-Q+nc"1F) v -

(6.2) (1-0Cc~ "

The vectors v, may be interpreted as values of a vector function V(t)

in the points t = tk = kT, where T is a time step of arbitrary length.

When the successive vectors v, are changing slowly we may write

= V(t

|
<
ct

v

k+1 +T)

k
and equation (6.2) transforms into the first order ordinary differential

equation
(6.3) T(QE-C)V = QAV .

The solution of this equation can be represented by

1

(6.4) V(t) = expl(QRE-C)” QA %J v(o) .

From this expression it is seen that © should be such that the real
parts of the eigenvalues of the operator (QE—C)_1 QA are largely
negative. In that case we may expect a rapid convergence. In order to
get information about the eigenvalues of (QE—C)_1 QA we use the fact
that the matrices E and A approximate differential operators as h - 0.
In our further considerations we restrict our analysis to the Dirichlet

problem.
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Locally we may write as h - 0

[ L., 25,
9
m 3x2 3y2
v
m 2
EN Xty oy
-— + -
12 lmlmlm+1)
5) %
SIm, 2 ma__2 3,
ve s
12 lm(lmlm+1 hoox 141 ., %y
v
C='2(%+111 ) .
h m m+1
L

> X, and Y, denote the shift operators corresponding to x- and y-
actgon, re;pectively.

;, We interprete the vector function V(t) as being derived from a
.ar function V(x,y,t) by identifying the components of V(t) with

values of V(xn,ym,t). Substitution of (6.5) into (6.k4) leads to

irtial differential equation of the form

> + + = +
)) th bVXt vat yVXX v,
e on the line y = Y
i N
T m 2 2
a=—=[(2-0) = -2@ + ]
Q 2 + s
h lm(l.m lm+1) lm m+1
¥y
, m
) < b=TI’1—’
c =T 2
+
\ lm lm+1

.owing an idea of Garabedian we introduce a new variable

z(x,y,t) such that equation (6.6) assumes the form

) FV_ + IV _ =3V _+V_ .
z z2z XX vy

raightforward calculation reveals that the function z(x,y,t) has

iatisfy the differential equations




bzt - 2yzX =0,

(6.9)

cz, - 2zy =0,

and that the "friction" F and "inertia'" I assume the form

ﬁ
F(Xayst) = YZXX + zyy. + azt - C'(.Y) .Zt s
(6.10) 4
2 2
I(x,y,t) = yz, + oz .
L

Again, we require that the solutions V(x,y,z) converge to zero as fast
as possible.
We will try to satisfy this requirement by making the damping

affect of F and I locally as large as possible. To that end we consider

7

and I as constants. Let e(x,y) be an eigenfunction of the Dirichlét

oroblem and o its eigenvalues. Then,

F+ V F2+haI

(6.11) V = exp [- T

z] e(x,y)

is a particular solution of (6.8). Assuming that o is real and negative,
it is easily verified (see for instance reference [ 8 ], p.33) that

(6.11) decreases the most rapidly to zero when
’ 2
6.12) F© + baI =0 .

Solution (6.11) is then given by

6.11") V =exp [-V :%'Z] e(x,y)

'rom this expression it follows that the largest damping of the general

solution of (6.8) is obtained when (6.12) is satisfied for the absolute

smallest eigenvalue, i.e.

6.12") F2=h|al . T
min

In order to determine F and I we have to solve equations (6.9) for

t. Let us try a function z of the form
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z =1t +px + qly) ,

e p is a constant and q(y) is an arbitrary function of y. St

sution in (6.9) yields

13) p=75" , aly) =-;-J c(y) dy

substitution in (6.20) yields

F=a- % c'(y)

o)
2 2
+ = .
I

H
1
&1

To simplify the calculations we apply the approximation

~ : >
lm+1 7:;— , as h 0

sxpressions (6.7) for a and c. It is easily verified that the

*essions reduce to

A,
2~ g
h
) b, b~ %- ,as h~>0
- Yy
c~ T

’hese simplified formulae we obtain for F and I the expressic

~

-T2ty 1
F=nleguv-15 >
o") L
I=lﬁy
' 2 2

ition (6.12') finally yields Q as a function of y, i.e.
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2

(6.14) N = - .
1 4 + h(— \/éla|min)
2 Thy/y * y

For numerical calculations it is convenient to reduce (6.14) by me

of relation (L4.7) to the form

(6.141) Q =

where ¢ is a constant given by

/ |
3 S
=1 e el

B 21/6 31/3 min

In order to estimate the value of ‘a|min we just derive an up

>ound for |a!min' Consider the eigenvalue problem

there e satisfies homogeneous boundary conditions. Suppose that e(:

ran be written as

e(x,y) = X(x) Y(y).

"hen we have

—_— =
Yx Ty T ¢
lence,
XH

there ¢ is a constant. Clearly, this equation is solved by

. 2 2
X = sin nxm , c=-mm, n=4+1,+42,... .




27

function Y satisfies the equation

2
TY = (QF—-- yn2ﬂ2) Y =aY ,
n 2
dy
hat
(T _¢,¢)
1a| . <MinI—-.L:__|. )
min =" (¢,0)

e ¢ is an arbitrary function of y satisfying the boundary conditions
( , ) denotes the inner product with respect to the interval 0 <y < 1.

instance, the function ¢ = y(y-1) yields

1
J (2—yn2ﬂ2) y(y-1) ay

.0 i 5,22
‘a|min i_M;n 7 = M;n 5 (n“n =L4) ~ 15.
2 2.
J y (y-1)" ay
0
We have done experiments with the SOR method in which  was given

5.14) and ‘almin = 1,2,3,...,15. We found the largest rate of con-

cance for

lo| 12

min

In table 6.1 the results corresponding to this value of lu‘min
. . . +

:ompared with the results obtained for a fixed value of Q .

From this table it may be concluded that the methods are asymptotically
ralent. Only in the first iterations the variable 2 method leads to

.ghtly larger rate of convergence.
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Table 6.1. Rates of convergence for fixed and

varying values of o

h k ot fixed o variable gainfactor
20 .43 .50 1.16
Lo b .53 1.20
50 L6 .52 1.13

1/12 | 60 Ll Lk 1.00
T0 .38 .38 1.00
80 .33 .33 1.00
90 .29 .29 1.00
30 .31 <31 1.00

1/18 | 60 .35 .36 1.03
90 .29 .29 } 1.00

. Numerical solution of the Tricomi problem

In the preceding sections we have analysed the Dirichlet problem
‘or Tricomi's equation and found a formula for the optimal relaxation
‘actor in the elliptic region. We now are in a position to investigate

thich relaxation factor should be used in the hyperbolic region.

We carried out a large number of experiments with varying values
. + - . .
f the pair ( ,2 ). In table 7.1 the results are given of the pair

+ - .
Q ,Q ) which gave the largest rate of convergence.
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+ - . .
Table T7.1. Rates of convergence for @ # Q in the elliptic,

parabolic and hyperbolic region, respectively

rate of convergence ) -

k ot Q" ell.region | par.region | hyp.region | divergenc
o11/6 | 1.35] 1.15 .52 L3 .52 Q> 1.8
0 L5 L2 L
0] .22 .12 .16
0 {1/12] 1.54] 1.10 .20 Nk 7 Q" > 1.k
0 .20 15 AT |
0 .13 .0k .07 |
0 .12 .05 .08 L
o {1/18] 1.T00 .85 .12 .06 .08 | @oze
0 | ; .12 .07 .08 l

as already mentioned in section 5 the optimal relaxation factors
er largely (note that Q+ is close to the optimal value for the
chlet problem).Hence, it is expected that iterating with ot ="
give a lower rate of convergence. In table 7.2 results are given

the optimal value of a fixed relaxation factor.

Table T.2. Rates of convergence for fixed @ in the elliptic,

parabolic and hyperbolic region, respectively

rate of convergence
h k Q ell.region | par.region ‘ﬁyp;region divergence
1/6 ; 30 f1.28 48 Lo Lo Q> 1.7
. 60 L5 .3 L6
Lo A7 .08 .12 {
/121 60 [1.26 .15 .10 12 Co2 > 1k
90 L1k L1 L2 ?
60 .10 0L .06
80 .09 .0k .06
/181100 11291 o8 .0l .06 213
120 P07 .Ob .06
i {
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that the greater the difference between the optimal v
Q" given in table 7.1, the lower the rate of converge
ept fixed.

inally, the results are given when the original Fillip

d of Gauss-Seidel) is applied to the Tricomi problem.

Table T.3. Rates of convergence for Gauss-Seidel's m

in the elliptic, parabolic and hyperbolic

respectively.
rate of convergence
h k ell.region | par.region | hyp.region
1/6 30 .32 27 .30
60 .30 .28 .29
Lo 1k .07 .10
1/12] 60 L1 0T .09
90 .10 .07 .08
60 .09 .03 .06
80 .08 .03 .05
/181100 o7 | .03 .05
120 .06 .03 . Ok
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